Abstract. Assume that L c 3D x C' is compact and has convex vertical sections. Denote by K its polynomially convex hull. It is shown that K\dD X C"', if nonempty, can be covered by graphs of analytic functions /: D -» C"'. The proof is based on complex interpolation theory for families of finite-dimensional normed spaces.
Introduction. If L is a subset of Cm+1 and z g C, denote
L(z) = (w G C':(z,w) g L);
we will refer to L(z) as a section or fiber over z. In what follows D denotes the open unit disc. The purpose of this paper is to present a proof of the following theorem.
Theorem 1. Let L be a compact subset of úD X Cm. Assume that for every z g 3D the section L(z) is a nonempty compact and convex subset of C'. Denote by K the polynomially convex hull of L. Then for every (z*,w*) in K such that z* g D, there exists a bounded analytic function f: D -* Cm such that f(z*) = w* and f(z) g K(z) for every z G D.
Two different proofs of this theorem, which generalizes the earlier approximation result of Alexander and Wermer [1] , were obtained independently by H. Alexander and J. Wermer on the one hand, and by the author on the other.
The proof given below is based on the theory of complex interpolation for families of finite-dimensional normed spaces as presented in Coifman et al. [4] and, at least for this reason, is not simpler than that of Alexander and Wermer. However, our proof is perhaps not without interest since it is carried over for arbitrary dimension m (the paper of Alexander and Wermer is focused on the case m = 1) and presents a new instance of relationship between the theory of complex interpolation of Banach spaces and the theory of analytic multifunctions. Namely, if K ¥= L, then the multifunction z -> K(z): D -» 2C"' is analytic in the sense of [7] . A different type of relationship between the two theories was described in [8] .
For more information on analytic multifunctions the reader is referred to [3, 5, 6] .
2. Method of proof.
Notation. The polynomially convex hull of a set X c Cm is denoted by hull(X) and convex hull by co(A^). The usual bilinear product £f,z; in C" is denoted by (v, z), and if X is a subset of C", then the set (1) Xo = {v g C": |<i\z>|< l,forz g X) denotes the (closed) polar of X. Subsets of Cm+\ e.g. L c dD X Cm, will be looked upon as graphs of set-valued functions ( = multifunctions), e.g. z -* L(z): dD -* 2C'" (in case the projection of L on C1 fills dD).
The proof of Theorem 1 will be easily reduced to the case of sets L for which the multifunction z -> L(z): dD -» 2C"' is continuous. Assuming this we fix r g (0,1) and for each z g dD define the set B(z) c Cm+1 as the convex hull of the union of the two sets Since every B(z), z G dD, defines a norm on Cm+1, the complex interpolation method of Coifman et al. [4] yields intermediate norms for all z in D. We find it more convenient to consider the family of closed norming bodies {W(z)\ z g D) corresponding to these norms. We summarize now and reformulate in terms of (W(z)} those results of [4] (ii) the same condition as (i) with sets B(e'e) and W(z) replaced by their closed polars B(e,6)° and W(z)° (cf. (1)) holds.
Using these facts we can reinterpret family W(-) in terms of hulls, which is the first step of our proof. (ii) Let a g D, be W(a) and p(z,w) be a complex polynomial such that maxs|/»| < 1; we have to show that \p(a,b)\ < 1. Let / be a function satisfying literally condition (i) of Theorem 3. Set h(z) = p(z,f(z)), z G D. Of course h is a bounded holomorphic function whose nontangential boundary values are h(e'e) = p(e,e,f(ew)) a.e. Since \p\ < 1 on B and f(e'e) g B(e,e) a.e., therefore H/t^ < 1 and so \p(a, b)\ = \h(a)\ < 1. Q.E.D.
We omit the simple topological proof of the next lemma. Define now for a g 3D, teC" and for an integer k, the polynomial mapping pk(z) = ((1 + za)/2)kb. Note that />¿.(a) = b.
In order to confirm that W(-) is lower semicontinuous at z = a it suffices to show that for every b in IntW^a) there exists an integer k such that pk(z) g W(z) for every z G D. Observe first that by Lemma 6(ii) and the fact that \pk(z)\ \ 0 on dD \ {a ) we can choose k such that (6) p(e'e) G W(e'e), e" g dD.
Accepting this, take z' g D and u g W(z')°, and apply Theorem 3(h) to get a bounded analytic function g: Z) -> CM such that g(z') = i> and g(e'e) G B(eie)°a .e. By (6) |<g(<?''"), /^.(e'"))! < 1 a.e. and therefore \(v,pk(z'))\ = \(g(z'),pk(z'))\^suptSs\(g(e¡e),pk(e'e))\^l.
Vector v being arbitrary in W(z')°, we conclude that pk(z') G W(z'), which ends the proof of lower semicontinuity of W( ■ ). Q.E.D.
Proof of Theorem 4. Since by Lemma 5(ii) W a n\xll(B) c hull(H^),
it suffices to show that W is polynomially convex. We need the following Assertion. Assertion. For every R g (0,1) the set 
